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A Grothendieck category C is said to be locally ﬁnitely generated if
the subobject lattice of every object in C is compactly generated,
or equivalently, if C possesses a family of ﬁnitely generated genera-
tors. Every nonzero locally ﬁnitely generated Grothendieck category
possesses simple objects. We shall call a Grothendieck category
C indecomposable if C is not equivalent to a product of nonzero
Grothendieck categories C1 ×C2. In this paper an example of an in-
decomposable nonlocally ﬁnitely generated Grothendieck category
possessing simple objects is constructed, answering in the nega-
tive a sharper form of a question posed by Albu, Iosif, and Teply
in [T. Albu, M. Iosif, M.L. Teply, Dual Krull dimension and quotient
ﬁnite dimensionality, J. Algebra 284 (2005) 52–79].
© 2008 Elsevier Inc. All rights reserved.
Introduction
The subject matter of this paper is inspired by [2] which investigates various ﬁniteness conditions
on a lattice and applies the theory developed to the subobject lattices of objects in a Grothendieck
category. Speciﬁcally, we answer in the negative a sharper form of [2, Question 2.14].
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is explicitly presented in [1, Remark 1.4(1)]: Let R be an inﬁnite direct product of copies of a ﬁeld
and let F be the smallest Gabriel topology on R containing all maximal ideals of R . Then the quotient
category Mod-(R,F) of the category Mod-R with respect to the Gabriel topology F is a nonzero
Grothendieck category with no simple objects.
A nonzero Grothendieck category that is locally ﬁnitely generated must, however, possess simple
objects for such a category must possess a nonzero ﬁnitely generated object A (this is an object
whose subobject lattice has compact top element) and a routine application of Zorn’s Lemma shows
that such an object A must have maximal proper subobjects. From this we infer the existence of
simple objects. This is the reason, for example, that the category of modules over an arbitrary ring
R with nonzero identity element possesses simple objects—the ring R considered as a module over
itself is a ﬁnitely generated generator and this renders the module category locally ﬁnitely generated.
The converse of the assertion made above is false: a Grothendieck category possessing simple
objects need not be locally ﬁnitely generated. For a counterexample, take a product C1 × C2 of
Grothendieck categories, where C1 possesses simple objects and C2 is not locally ﬁnitely generated.
It thus appears natural to ask whether every nonlocally ﬁnitely generated Grothendieck category
possessing simple objects must decompose in the manner described above. This question is motivated
in part by the observation that every spectral Grothendieck category C (this is a category in which all
short exact sequences split, or equivalently, in which all objects are injective (and also projective)) is
equivalent to C1 × C2, where C1 is a so-called discrete spectral category (this is a spectral category all
of whose objects are semisimple) and C2 a so-called continuous spectral category (a spectral category
with no simple objects)—see [9, Proposition 6.8, p. 129]. The category C2 in this decomposition is
clearly not locally ﬁnitely generated.
In this paper we answer the question above in the negative by constructing an indecomposable
nonlocally ﬁnitely generated Grothendieck category possessing simple objects. The example we con-
struct is a quotient category Mod-(R,F) with R a particular ring and F a certain right Gabriel topology
on R . That the example has this form is not surprising, for by the Popescu–Gabriel Theorem (see, for
example, [9, Theorem 4.1, p. 220]) every Grothendieck category arises as the quotient category of a
category of modules with respect to a Gabriel topology.
We are, however, constrained in our choice of ring R and Gabriel topology F. The topology F
cannot possess a basis of ﬁnitely generated right ideals for this condition is equivalent to the quotient
object RF being ﬁnitely generated in the category Mod-(R,F) [9, Proposition 1.1, p. 262]. In particular
then, the ring R cannot be right Noetherian. Furthermore, F cannot be spectral (this is a Gabriel
topology for which the quotient category Mod-(R,F) is spectral) for reasons explained earlier. This
implies that F cannot contain the Goldie topology because by [7, Proposition 3.10] a Gabriel topology
F with this property is necessarily spectral.
1. Preliminaries
The symbol ⊆ denotes containment and ⊂ proper containment for sets.
Let L be a complete lattice. We denote by 0L [resp. 1L ] the smallest [resp. largest] element of L.
The subscript L is omitted in cases where there is no ambiguity.
Recall that an element c ∈ L is called compact if c ∨ X implies c ∨ Y for some ﬁnite subset
Y of X whenever X is a subset of L. We say that the lattice L is compact if its largest element 1L is
compact, and compactly generated if every element of L is a join of compact elements.
Let C be a Grothendieck category. Recall that an object C of C is called ﬁnitely generated if the
lattice of subobjects of C is compact. We call C locally ﬁnitely generated if it has a family of ﬁnitely
generated generators, or equivalently, if the subobject lattice of every object in C is compactly gener-
ated. We refer the reader to [3,8,9] for background information on Grothendieck categories, quotient
categories, and Gabriel topologies.
Throughout this paper R will denote an associative ring with identity and Mod-R the category
of unital right R-modules. If N,M ∈ Mod-R we write N  M if N is a submodule of M . If X, Y are
nonempty subsets of M we deﬁne (X : Y ) = {r ∈ R | Y r ⊆ X}.
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denote the left exact radical on Mod-R associated with F. Thus, for each M ∈Mod-R ,
tF(M) =
{
x ∈ M ∣∣ (0 : x) ∈ F}.
We denote by Mod-(R,F) the quotient category of Mod-R with respect to F and by MF the
module of quotients of M with respect to F for each M ∈ Mod-R .
Let M ∈ Mod-R and N  M . We say that N is F-dense [resp. F-saturated or F-pure] in M if M/N
is tF-torsion [resp. tF-torsion-free]. There is a smallest F-saturated submodule of M containing N .
This submodule is denoted by Nc (if the Gabriel topology F is understood) and is such that Nc/N =
tF(M/N) (see [9, p. 207]). We shall denote by SatF(M) the collection of all F-saturated submodules
of M; that is
SatF(M) = {N  M | N is F-saturated in M}.
It is known that SatF(M) is an upper continuous modular lattice [9, Proposition 4.1, p. 207] and
is isomorphic as a lattice to the complete lattice of subobjects of the quotient module MF in the
quotient category Mod-(R,F) [9, Corollary 4.4, p. 208].
We say that M ∈ Mod-R is F-cocritical if M is tF-torsion-free and the lattice SatF(M) contains no
proper nonzero elements. Observe that if M is F-cocritical, then MF is a simple object in the quotient
category Mod-(R,F).
If I is an arbitrary (two-sided) ideal of a ring R then the I-adic Gabriel topology FI is deﬁned by
FI =
{
A  RR
∣∣ A ⊇ In for some n ∈ N}.
Observe that if the ideal I is idempotent then FI = {A  RR | A ⊇ I}.
The Grothendieck category that we shall construct is the quotient category of a module category
Mod-S where S = ( F F
0 R
)
is a triangular matrix ring with R a valuation domain and F its ﬁeld of
quotients.
We have divided our construction into two parts in the interests of manageability. The ﬁrst part
introduces the valuation domain R and establishes those of its properties that we shall need. The
second part introduces the triangular matrix ring and details the remainder of the construction.
2. A valuation domain
We start with a brief introduction to the fundamentals of Valuation Theory. For a more detailed
exposition we refer the reader to [5] and/or [6].
Let Γ be an (additively written) linearly ordered Abelian group. This is a structure 〈Γ ;+;〉 where
〈Γ ;+〉 is an Abelian group and 〈Γ ;〉 a linearly ordered poset (i.e., a chain) satisfying:
g1  g2 and h1  h2 	⇒ g1 + h1  g2 + h2, ∀g1, g2,h1,h2 ∈ Γ.
Adjoin to Γ a symbol ∞ to be regarded as larger than every element of Γ and set g + ∞ =
∞ + g = ∞ for all g ∈ Γ . Let F be a ﬁeld. A valuation on F is a map v : F → Γ ∪ {∞} such that
for all a,b ∈ F :
(i) v(a) = ∞ if and only if a = 0;
(ii) v(ab) = v(a) + v(b);
(iii) v(a + b)min{v(a), v(b)}.
There is no loss of generality in assuming that v is onto since the image of F\{0} is necessarily a
subgroup of Γ . We call the subring
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of F the valuation domain associated with v . The linearly ordered Abelian group Γ is referred to as the
value group of R . Observe that F is the ﬁeld of quotients of the subring R .
The map
g → {a ∈ F ∣∣ v(a) g}
constitutes an order reversing bijection from Γ + = {h ∈ Γ | h 0Γ } to the poset of principal ideals of
R . It follows that the ideal lattice of a valuation domain is linearly ordered (i.e., a chain).
It is known that for every linearly ordered Abelian group Γ there exists a ﬁeld F and valuation v :
F → Γ ∪ {∞}. Thus every linearly ordered Abelian group arises as the value group of some valuation
domain.
We now deﬁne the valuation domain required in our construction.
Let:
(1) R be a valuation domain with value group the additive group of real numbers R (thus R is a
non-Noetherian valuation domain of rank 1);
(2) F be the ﬁeld of quotients of R;
(3) v : F → R ∪ {∞} be the corresponding valuation map (thus R = {a ∈ F | v(a) 0});
(4) P = {a ∈ F | v(a) > 0} be the unique maximal proper ideal of R .
Observe that P is idempotent. This is a consequence of the fact that R has value group R: for each
p ∈ P we can choose q ∈ P such that v(q2) = 2v(q) < v(p), whence p ∈ P2.
Let:
(5) FP = {P , R} be the P -adic Gabriel topology on R .
Note that FP contains only the members P and R because P is idempotent and is a maximal proper
ideal of R .
Lemma 1. Let R be a valuation domain with value group R, unique maximal proper ideal P , and ﬁeld of
quotients F . Let FP = {P , R} be the P -adic Gabriel topology on R. Suppose N is an FP -saturated submodule
of a direct product FΔ of copies of F considered as a right R-module. Then:
(i) Every cyclic submodule of N is FP -saturated in N.
(ii) The lattice SatFP (N) contains no nonzero compact elements.
Proof. (i) Let aR be a cyclic submodule of N with a = {aδ}δ∈Δ . To show that aR is FP -saturated
in N we need to show that whenever b = {bδ}δ∈Δ ∈ N with bP ⊆ aR , then b ∈ aR . We ﬁrst show
that v(bδ)  v(aδ) for all δ ∈ Δ, where v is the associated valuation. Suppose, on the contrary, that
v(bδ) < v(aδ) for some δ ∈ Δ. Choose p ∈ P such that v(bδ) + v(p) < v(aδ). This is clearly possible
since R has value group R and P = {a ∈ F | v(a) > 0}. By hypothesis, bp ∈ aR , so for some r ∈ R we
must have bδ p = aδr, whence v(bδ) + v(p) = v(aδ) + v(r) v(aδ), an impossibility. We conclude that
v(bδ) v(aδ) for all δ ∈ Δ.
Now pick any nonzero q ∈ P . Since bq ∈ aR , there exists r ∈ R such that bq = ar. Then
bδq = aδr, ∀δ ∈ Δ,
∴ bδ = aδrq−1, ∀δ ∈ Δ,
∴ v(bδ) = v(aδ) + v
(
rq−1
)
, ∀δ ∈ Δ.
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thus obtain b = as, i.e., b ∈ aR , as required. We conclude that aR is FP -saturated in N .
(ii) Let C be a compact member of SatFP (N). We claim that C P is a ﬁnitely generated right R-
module. Suppose that C P =∑γ∈Γ Lγ where {Lγ | γ ∈ Γ } is a family of R-submodules of N . Clearly
no generality is lost if we assume that each Lγ is cyclic. By Assertion (i) of the lemma, each Lγ is
FP -saturated in N . If
∨
γ∈Γ Lγ denotes the join of the Lγ in SatFP (N), we have C P =
∑
γ∈Γ Lγ ⊆∨
γ∈Γ Lγ . Since C P is FP -dense in C and
∨
γ∈Γ Lγ is FP -saturated in N , we must have C ⊆
∨
γ∈Γ Lγ .
Inasmuch as C is compact in SatFP (N), we must have C ⊆
∨
γ∈Γ ′ Lγ for some ﬁnite subset Γ ′
of Γ . Since
∑
γ∈Γ ′ Lγ is FP -dense in
∨
γ∈Γ ′ Lγ , we must have (
∨
γ∈Γ ′ Lγ )P ⊆
∑
γ∈Γ ′ Lγ , whence
C P ⊆∑γ∈Γ ′ Lγ , so C P =∑γ∈Γ ′ Lγ . We have thus shown that C P is compact as an element of the
submodule lattice of N , that is to say, C P is ﬁnitely generated. Since P is idempotent, (C P )P = C P
and it follows from Nakayama’s Lemma (see for example [4, Corollary 15.13, p. 169]) that C P = 0,
whence C = 0. 
3. The main construction
Deﬁne:
(6) S = ( F F
0 R
)
to be the triangular matrix ring with R and F as in (1) and (2), respectively.
It can be shown that every right ideal A of S has one of two forms:
(7) A = ( F F
0 I
)
for some ideal I of R; or
(8) A = ( 0
0
W
)
where W is some right R-submodule of the column
( F
R
)
considered as a right R-
module in the obvious fashion.
Let:
(9) Q = ( F F
0 P
)
with P as in (4);
(10) G= {Q , S} be the Q -adic Gabriel topology on S .
Observe that Q is idempotent in S , because P is idempotent in R , and that Q is two-sided and
is a maximal proper right ideal of S . It follows that the Q -adic Gabriel topology contains only the
members Q and S as described in (10).
Our next task is to describe all G-saturated right ideals of S .
Lemma 2. Let R be a valuation domain with value group R, unique maximal proper ideal P , and ﬁeld of
quotients F . Let FP = {P , R} be the P -adic Gabriel topology on R. Let S =
( F F
0 R
)
, Q = ( F F
0 P
)
, andG= {Q , S}
be the Q -adic Gabriel topology on S. The following assertions are equivalent for a right ideal A of S:
(i) A is G-saturated in S S ;
(ii) A = ( F F
0 I
)
where I is some FP -saturated submodule of RR , or A =
( 0
0
W
)
where W is some FP -saturated
submodule of
( F
R
)
considered as a right R-module.
Proof. (i) 	⇒ (ii): Suppose ﬁrst that A has form (7). We shall demonstrate that I is FP -saturated
in RR . Take r ∈ R and suppose r P ⊆ I . Putting s =
( 0 0
0 r
)
we obtain sQ = ( 0 0
0 r
)( F F
0 P
) = ( 0 0
0 r P
) ⊆( 0 0
0 I
) ⊆ A. Since A is G-saturated in S S , this entails s ∈ A, whence r ∈ I . We conclude that I is FP -
saturated in RR .
Now suppose that A has form (8). We show that W is FP -saturated in
( F
R
)
. Take
( c
d
) ∈ ( F
R
)
and
suppose
( c
d
)
P ⊆ W . Putting s = ( 0 c
0 d
)
we obtain sQ = ( 0 c
0 d
)( F F
0 P
)= {( 0 cp0 dp
) | p ∈ P } ⊆ ( 0
0
W
)
. Since A
is G-saturated in S S , this entails s ∈ A, whence
( c) ∈ W . We conclude that W is FP -saturated in ( F ).d R
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0 I
)
where I is some FP -saturated submodule of RR . Take s =
( a b
0 r
) ∈ S
and suppose sQ ⊆ A. Then
(
a b
0 r
)(
F F
0 P
)
=
{(
ac ad + bp
0 rp
) ∣∣∣ c,d ∈ F , p ∈ P
}
⊆
(
F F
0 I
)
,
whence r P ⊆ I . Since I is FP -saturated in RR , this entails r ∈ I , whence s ∈ A. We conclude that A is
G-saturated in S S .
Now suppose A = ( 0
0
W
)
where W is some FP -saturated submodule of
( F
R
)
. Take s = ( a b
0 r
) ∈ S and
suppose sQ ⊆ A. Then
(
a b
0 r
)(
F F
0 P
)
=
{(
ac ad + bp
0 rp
) ∣∣∣ c,d ∈ F , p ∈ P
}
⊆
(
0
0
W
)
.
This implies a = 0 and ( b
r
)
P ⊆ W . The latter yields ( b
r
) ∈ W because W is FP -saturated in ( FR
)
. Thus
s = ( 0 b
0 r
) ∈ A. We conclude that A is G-saturated in S S , as desired. 
Taking N = RR and then N =
( F
R
)
in Lemma 1(i), we obtain the next result which shows that S
possesses a plentiful supply of G-saturated right ideals.
Corollary 3. Let R, P , F , FP , S, Q , and G be as in Lemma 2. Then a right ideal A of S is G-saturated in S S if
A = ( F F
0 I
)
where I is a principal ideal of R, or A = ( 0
0
W
)
where W is a cyclic submodule of
( F
R
)
.
Remark 4. The converse of Corollary 3 above is not true. Indeed, the right ideal
( 0 F
0 0
)
is G-saturated
in S S , but does not have the form described in Corollary 3.
Proposition 5. Let R, P , F , FP , S, Q , and G be as in Lemma 2. The right ideal A =
( F F
0 0
)
of S is the only
nonzero compact element in the lattice SatG(S S ). Hence the lattice SatG(S S ) is not compactly generated, and
so, the quotient category Mod-(S,G) is not locally ﬁnitely generated.
Proof. Let C be a compact element of SatG(S S ). We infer from Lemma 2 that A has one of two
possible forms. Suppose ﬁrst that C = ( F F
0 I
)
where I is some FP -saturated submodule of RR . Since C
is compact in SatG(S S ), it is easily checked that I is a compact element of the lattice SatFP (RR). It
follows from Lemma 1(ii) that I = 0, whence C = ( F F
0 0
)
.
Now suppose that C = ( 0
0
W
)
where W is some FP -saturated submodule of N =
( F
R
)
. The com-
pactness of C in SatG(S S ) implies that W is compact in SatFP (N). Lemma 1(ii) yields W = 0, i.e.,
C = 0. 
Our next task is to show that the quotient category Mod-(S,G) possesses simple objects, or equiv-
alently, that the category Mod-S possesses nonzero G-cocritical modules.
Theorem 6. Let R be a valuation domain with value group R, unique maximal proper ideal P , and ﬁeld of
quotients F . Let S = ( F F
0 R
)
, Q = ( F F
0 P
)
, Q ′ = ( 0 F
0 R
)
, and G = {Q , S} be the Q -adic Gabriel topology on S.
Then:
(i) Q and Q ′ are ideals of S and are the only maximal proper right ideals of S. Thus (S/Q )S and (S/Q ′)S
are nonisomorphic and are, up to isomorphism, the only simple right S-modules.
(ii) (S/Q ′)S is G-cocritical and Mod-(S,G) possesses a unique (up to isomorphism) simple object.
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maximal proper right ideals of S is an immediate consequence of the classiﬁcation of right ideals of
S described in (7) and (8).
(ii) Inasmuch as (S/Q ′)S is simple and (S/Q ′)S  (S/Q )S , (S/Q ′)S must be tG-torsion-free and
thus G-cocritical. It remains to establish uniqueness. Suppose C is a nonzero G-cocritical right S-
module. Since every submodule of a G-cocritical module is G-cocritical, no generality is lost if we
assume that C = S/L where L is some maximal proper G-saturated submodule of S S . We deduce from
Lemma 2 that L = ( F F
0 I
)
for some maximal proper FP -saturated (right) ideal I of R , or L =
( 0 F
0 R
)= Q ′ .
However, the former possibility cannot arise since, by Corollary 3, every principal ideal of R is FP -
saturated in RR and so no maximal proper FP -saturated (right) ideal of R exists. 
It remains to show that the category Mod-(S,G) is indecomposable. We require two preparatory
lemmas.
Recall that an element a of a complete lattice L is said to be complemented if there exists a′ ∈ L
such that a∧ a′ = 0L and a ∨ a′ = 1L .
Lemma 7. Every lattice that is isomorphic to a product of nontrivial complete lattices contains proper nonzero
complemented elements.
Proof. Let L = L1 × L2 with L1 and L2 nontrivial complete lattices. It is easily checked that if a =
(0L1 ,1L2 ) and b = (1L1 ,0L2 ), then a and b are proper nonzero elements of L satisfying a ∧ b = 0L and
a ∨ b = 1L . 
Lemma 8. Let R, P , F , FP , S, Q , and G be as in Lemma 2. Then the lattice SatG(S S ) is indecomposable, that
is to say, SatG(S S ) is not isomorphic to a product of nontrivial complete lattices.
Proof. It suﬃces, in view of Lemma 7, to show that SatG(S S ) contains no proper nonzero comple-
mented elements. Suppose, on the contrary, that A is a proper nonzero complemented element of
SatG(S S ). Then there must exist a proper nonzero A′ in SatG(S S ) such that A ∩ A′ = 0 and A + A′
is G-dense in S S . Neither A nor A′ can have form (7) since every right ideal of this form is eas-
ily seen to be essential in S S . Both right ideals must therefore have form (8). This, however, entails
A + A′ ⊆ ( 0 F
0 R
)= Q ′ and Q ′ is not G-dense in S S , which is a contradiction. 
Theorem 9. Let R be a valuation domain with value group R, unique maximal proper ideal P , and ﬁeld of quo-
tients F . Let S = ( F F
0 R
)
, Q = ( F F
0 P
)
, and G= {Q , S} be the Q -adic Gabriel topology on S. Then the quotient
category Mod-(S,G) is indecomposable.
Proof. Suppose, contrary to the statement of the theorem, that Mod-(S,G) is not indecomposable.
Then there exists a category equivalence
F :Mod-(S,G) → C1 × C2
with C1 and C2 nonzero Grothendieck categories. Let SG denote the quotient module of S S in
Mod-(S,G) and suppose that F (SG) = (C1,C2) with C1 and C2 objects in C1 and C2, respectively.
Since S S is a generator for Mod-S , (C1,C2) is a generator for C1 × C2. This entails C1 and C2 are
generators for C1 and C2, respectively. Inasmuch as the categories C1 and C2 are nonzero, C1 and C2
must be nonzero.
The lattice of subobjects of (C1,C2) in the category C1 × C2 is easily shown to be isomorphic
to L1 × L2 where L1 and L2 denote the subobject lattices of C1 and C2, respectively. Since F is an
equivalence, the subobject lattices of SG and F (SG) are isomorphic. Thus SatG(S S ) and L1 × L2 are
isomorphic lattices. This contradicts Lemma 8. 
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indecomposable nonlocally ﬁnitely generated Grothendieck category with a single simple object, by
Proposition 5, Theorem 6, and Theorem 9.
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